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1. Introduction 

The Yamabe problem, solved by Trudinger [H], Aubin PQ, and Schoen 
[12| . asserts that any Riemannian metric on a closed manifold is conformal 
to a metric with constant scalar curvature. Escobar [8], [9] has studied 
analogous questions on manifolds with boundary. To fix notation, let (M, g) 
be a compact Riemannian manifold of dimension n > 3 with boundary 
dM. We denote by R g the scalar curvature of (M,g) and by n g the mean 
curvature of the boundary dM. There are two natural ways to extend the 
Yamabe problem to manifolds with boundary: 

(a) Find a metric g in the conformal class of g such that R g is constant 
and Kg = 0. 

(b) Find a metric g in the conformal class of g such that Rg = and n g 
is constant. 

The boundary value problem (a) was first proposed by Escobar [8]. The 
boundary value problem (b) is studied in [9] and [TT] . 

In this paper, we focus on the boundary value problem (a). The solv- 
ability of (a) is equivalent to the existence of a critical point of the Yamabe 
functional. This functional is defined by 

p / X JM ( \du\ 2 g +RgU 2 ) dYOlg + fg M 2Kg « 2 do g 
Eg(u) = 



2n 



where u is a smooth positive function on M. Moreover, the Yamabe constant 
is defined as 

Y(M,dM,g)= inf EJu). 

0<«eC°°(Af) y 

It is well known that Y(M,dM,g) is invariant under a conformal change 
of the metric g. Moreover, Y(M,dM,g) < ^(5^,35!^), where Y(S^,dS^) 
denotes the Yamabe constant of the hemisphere £™ equipped with the stan- 
dard metric. 
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Proving the existence of a minimizer for the functional E g is a difficult 
problem, as E g does not satisfy the Palais-Smale condition. The following 
existence result was established by Escobar [8]. 

Theorem 1 (J. Escobar [8J). IfY{M,8M,g) < y(S*^,dS^), then there 
exists a metric g in the conformal class of g such that R g is constant and 
Kg is equal to 0. 

Theorem [1] should be compared to Aubin's existence theorem for the 
Yamabe problem on manifolds without boundary (cf. [1]). 

In dimension 3 < n < 5, Escobar showed that Y(M, dM, g) < Y(S™ , dS^) 
unless M is conformally equivalent to the hemisphere S 1 ™. In dimension 
n > 6, Escobar was able to verify the inequality Y(M, dM, g) < Y(S™,dS™) 
under the assumption that the boundary dM is not umbilic. 

Therefore, it remains to consider the case that n > 6 and dM is umbilic. 
For abbreviation, we put d = [^^J- As in [I], we denote by Z the set of all 
points p G M such that 

limsupd(p,x) 2_d \W g [x)\ = 0, 

where W g denotes the Weyl tensor of (M,g). In other words, a point p G M 
belongs to Z if and only if D m W g (p) = for all m G {0, 1, . . . , d - 2}. Note 
that the set Z is invariant under a conformal change of the metric. 
The following is the main result of this paper: 

Theorem 2. Let (M, g) be a compact Riemannian manifold of dimension 
n > 6 with umbilic boundary dM . Moreover, let p G dM be an arbitrary 
point on the boundary of M. Ifp<£Z, then Y(M, dM, g) < Y{S%,dS%). 
Consequently, there exists a metric g in the conformal class of g such that 
R g is constant and K g is equal to 0. 

n case p G Z, we are able to show that Y{M,dM,g) < Y(S%,dS%), 
provided that a certain asymptotically flat manifold has positive ADM mass 
(see Theorem 1201 below) . 

We now give an outline of the proof of Theorem [2l By a theorem of 
Marques [H], we may work in conformal Fermi coordinates around p. We 
define a function u £ by 




The function u £ satisfies 

n + 2 

Au £ = -n(n - 2) n £ "- 2 



and 

u £ did k u £ ^— diu e d k u e = - (u £ Au £ ^— \du £ f) 5 ik - 

n — 2 n V n — 2 J 

4 

These identities reflect the fact that the metric u £ " 2 5ik is Einstein. 
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We then consider a sum of the form u e + w, where u e is given by (pQ) and w 
is a correction term. This function is only defined in a small neighborhood 
of the point p. In order to extend the testfunction to all of M, we glue the 
function u £ + w to the Greens function of the conformal Laplacian with pole 
at p. 

In order to show that the resuling testfunction has Yamabe energy less 
than Y^S™, we make extensive use of techniques developed in [4] (see 

also [5], [6], [7]). In [4], these techniques were used to prove a convergence 
theorem for the parabolic Yamabe flow in dimension n > 6. The convergence 
of the Yamabe flow in dimension 3 < n < 5 was shown in [3]. 

2. Auxiliary results 

In this section, we consider the halfspace = {x G M. n : x n > 0}. 
Moreover, we assume that Hik{x) is a trace- free symmetric two-tensor on 
R™ which satisfies the following conditions: 

• At each point x G WL, we have Hi n (x) = for all i G {1, . . . , n}. 

• At each point x G cM™, we have X^fc=i H'ik(x) %k = for all i G 
{I,---, n}. 

• At each point x € cM™ , we have dnH^x) = for all i, A; G {1, . . . , n}. 
Finally, we assume that the components Hn-{x) are polynomials of the form 

Hik{x) ^ hik a x , 

2<|a|<d 

where the sum is taken over all multi-indices a of length 2 < \a\ < d. 
As in [3], we define 

ran ^ n 

— ^ ^ didmHmk ^ ^ dmdkHim ^-^ifc r ^ ^ dmdpHrnp &ik 

m=l m=l m,p=l 

and 

Zijki = did k Hji - didiHj k - djdf.Hu + 9jdiH ik 
1 

+ n _2 ^ l ^ ik ~ ~ ^ k ^ ik "W" 

Note that 

diZijki = {diAj k - djA ik ). 

j n — 2 

Lemma 3. We have Ai n (x) = for all points x G cM™ and all indices 
i G {l,...,n-l}. 

Proof. Note that d n H im (x) = for all points x G SIR™ and all i,m G 
{1, . .. ,n — 1}. If we differentiate this identity in tangential direction, we 
obtain 

n-i 

7 4jra( a ') — ^ ] d m d n Hi m (x) = 

m=l 
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for all points x E cM" and alH 6 {1, . . . , n — 1}. 



Lemma 4. Assume that Zij k i(x) = for all points x E <9R™ and a// 
i,j,k,l E {l,...,n}. T/ien Hi k {x) = Ai k {x) = /or a// x E cM™ and 
a// i, k E {1, . . . ,n — 1}. 

Proof. We define 

n— 1 n—1 
-Aft (•£ ) = did m H mk (x) + d m d k H im (x) 

m=l m=l 
n-1 



/ ■■■in--!' \itn\--i ^ih 

n — 2 

m=l m,p=l 

for all points x E cM™ and all indices i, k E {1, . . . ,n — 1}. By assumption, 
we have 

d n d n H ik (x) H 3— (Aft (a?) + Am fa) <5 ifc ) = Z inkn (x) = 

n — 2 

for all points x E cMIf and all indices i,k E {1, . . . ,n — 1}. This implies 

^ n—1 

A fc (x) = AfcO*:) + d n d n H ik {x) - — — y d m dpH mp (x) 8 ik 

[n — l)(n — 2) ^— ' 

= Aft 0*0 + d n d n H ik {x) H 3— Am (a?) o"ifc 

n — 2 

n — 3 . . . 

= ;j ^ifcW 

n — 2 

for all points x E cM™ and all indices i, k E {1, . . . , n — 1}. Hence, we obtain 
did k Hji(x) - didiH jk {x) - djd k Hu(x) + djdiH ik (x) 

= —x {Aji{x) 5 ik - A jk (x) S a - A u (x) 5 jk + A ik (x) <L/) 

n — 2 

= ^7 (AK 27 ) $ik ~ A jk (x) 5u - Au(x) 5 jk + Afc(x) 

for all points x E cM™ and all indices i,j,k,l E {l,...,n — 1}. Using 
Proposition 7 in [3], we conclude that Hi k (x) = for all x E cM" and all 
i, k E {1, . . . , n - 1}. This implies A ik {x) = A fc (x) = for all x E 
and all i,k E {1, . . . , n — 1}. 



Proposition 5. Assume that Zij k i{x) = /or a// x E M" and aZZ z, j, k, I E 
{1, . . . , re}. Then H ik {x) = for all x E and i, A; E {1, . . . , n — 1}. 

Proof. Without loss of generality, we may assume that Hi k (x) is ho- 
mogenous of degree d! > 2. By assumption, we have Zij k [{x) = for all 
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x G R™ and all i, j, k,l G {1, . . . , n}. This implies 

n — 2 n 

diA jk (x) - djA ik (x) = E diZ ijk i(x) = 

1=1 

for all x € WJ and all i, j, k G {1, . . . , n}. We next define 

1 n 

V>(?) = d ,( d , _ ^ E A ik(x)xiX k 

for all x G R™. Clearly, </?(x) is a homogeneous polynomial of degree d! . 
Moreover, we have 

1 n 

d k (f{x) = _ - E X i 

for all x € R™ and all & £ {1, . . . , n}. This implies 

did k tp{x) = A ik (x) 

for all x G R™ and all i, k G {1, . . . , n}. Using the identity Yli=i Ha{x) = 
0,we obtain 

^ n— 1 ^ n— 1 

d n d n ip{x) = A nn (x) = y Aa(x) = } didnp{x) 

n — 1 z — ' n — 1 z — ' 

8=1 i=l 

for all x € R™. By Lemma El we have d n ip(x) = Y^=i Ai n (x) Xj = 
for all x E SIR™ . Moreover, it follows from Lemma 0] that (p(x) = 
d'(d'-i) Y^ik~=i Ai k (x) Xi x k = for all x G <9R™. Putting these facts to- 
gether, we conclude that (p(x) = for all x G R™. 

Therefore, we have Ajfc(x) = did k ip(x) = for all x G R™ and all i,k G 
{1, . . . , ra}. This implies 

d n d n H ik {x) = Z inkn (x) — (A ik (x) + A nn (x) 5 ik ) = 

n — 2 

for all x G WL and all £ {1, . . . , n — 1}. On the other hand, we know that 
Hi k (x) = d n Hi k (x) = for all x G SIR™ and all i, k G {1, . . . , n — 1}. From 
this, it follows that Hi k {x) = for all x G R™ and all i, k G {1, . . . , n — 1}. 
This completes the proof of Proposition [5j 



For each r > 0, we denote by U r C R™ the open ball of radius | centered 
at the point (0, . . . , 0, \). Moreover, let u e : R™_ R be defined by 

Proposition 6. There exists a constant K\, depending only on n, such that 



2<\a\<di,k=l 

for all r > 0. 



n n 

E E iwi 2 r 2|ah4+n <^i / E i%w( 

:|a|<di,fe=l JUr i,j,k,l=l 



x)\ 2 dx 
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Proof. It follows from Proposition [5] that the assertion holds for r = 1. 
The general case follows by scaling. 



Proposition 7. Let V be a smooth vector field on R™. Moreover, let 

2 

T ik = H ik - diV k - d k Vi + - div V 5 ik 

n 

and 

2 2 

Qik,i = u £ d{T ik diu £ T k i d k u e Tu 

n — 2 n — 2 

2 n 2 n 

H x y~] dp u e T ip <>ki H r / \ d p u £ T kp 8 a . 

n — 2 n — 2 

p=i p=i 

Then there exists a constant K<i, depending only on n, such that 

n „ n 

V Yl \ h ik,*\ 2 £ n ~ 2 r 2H+2 ~ n < K 2 / Y \Q tk ,(x)\ 2 dx 

2<\a\<di,k=l J{B 2r (0)\B r (0))nRl ^ l=1 

for all r > e. 

Proof. In [3], the first author showed that 



- n n 

7 XT l^jjfcil 2 = djiu-s 1 Qik,l) Zijkl 

i,j,k,l=l i,j,k,l=l 

2 n 

H ~ / , u £ 2 dkU £ Qil,j Zijki 

n — 2 

i,j,k,l=l 

(cf. [3], p. 555). Let us fix a smooth cut-off function n : W 1 — ► [0,1] such 
that 77(a) = 1 for x (z U\ and 77(2;) = for x £ (B 2 (0) \ #i(0)) n M+. In 
particular, we have r?(x) = for all x € cM™ . Integration by parts gives 



/" 1 n 



N- i,j,k,l=l 
n 

^(x)^ 1 Qik,i{x) dj [Z ijk i(x) n(x/r)] dx 

+ i,j,k,l=l 

I 2 " 

+ / r V" u £ (x)~ 2 d k u £ {x)Quj(x) Z ijk i(x)n(x/r)dx. 

/ran n — 2 ^— ' 

JM + i,j,k,l=l 
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Using Holder's inequality, we obtain 



„ n 

I £ \ Z ijki( x )\ 2 dx 

^ Vr ij,k,l=l 

2<\a\<di,k=l ' 

\ £ \QikA x )\ 2 dx ) 

.J(B 2r \B r (o))m&.i i 'f-[L 1 J 



2 



for all r > e. Here, K% is a positive constant that depends only on n. On 
the other hand, it follows from Proposition [6] that 



x)\ 2 dx. 



n n 

£ X>iMM ah4+ "<tfi/ £ \z ijkl ( 

Putting these facts together, the assertion follows. 



Corollary 8. Let V be a smooth vector field on Ri. Moreover, let 



2 

Tik = H ik - diV k - d k Vi + - div V 5 ik 

n 



and 



2 2 

Qik,i = u £ diT ik diu £ T M d k u £ Tu 

n — 2 n — 2 

2 n 2 n 

H £ 9 p U£ Ti P 6kl ^ ZTo d P Ue Tk P 

rt r\i £ 

p=i p=i 

Then there exists a constant K^, depending only on n, such that 

n . 

£ £ \ h ^\ 2 e n ~ 2 / {e + \x\)W-^dx 

2<\ a \<di,k=i JB s (o)nwi 

r " 
<K A £ \Q ik ,i(x)\ 2 dx 



+ i,k,l=l 

for all 8 > 2e. 

3. The main estimate 

We now describe the construction of the test function. Let (M,g) be a 
compact Riemannian manifold of dimension n > 6 with umbilic boundary 
dM. After changing the metric conformally, we may assume that dM is 
totally geodesic. 

Let us fix a point p £ dM, and let (x\, . . . , x n ) denote the Fermi coordi- 
nates around p. In these coordinates, the metric has the following properties: 
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• At each point x G R™ , we have gi n (x) = 5i n for all i G {1, . . . , n}. 

• At each point x G <9R™, we have Y^k=l 9ik{x) x k = xi for all i G 

• At each point x G 3R™ , we have d n gi k {x) = for alH, k G {1, . . . , n}. 

By a theorem of Marques, there exists a system of conformal Fermi coordi- 
nates around p (see Proposition 3.1). Hence, after performing a con- 
formal change of the metric, we may assume that det g(x) = 1 + 0(\x\ 2d+2 ), 
where d=[ 2 f 2 ]. 

In the next step, we write g(x) = exp(h(x)), where h(x) is a smooth 
function taking values in the space of symmetric n x n matrices. This 
function has the following properties: 

• At each point x G R" , we have hi n (x) = for all i G {1, . . . , n}. 

• At each point x G <9R™, we have Y^k=i hik( x ) x k = for all i G 
|1 "}• 

• At each point x G <9R™ , we have d n hik{x) = for all i, k G {1, . . . , n}. 
Moreover, we have trh(x) = 0(\x\ 2d+2 ). For abbreviation, we denote by 

Hik{x) = ^2 h ik,aX a 

2<\a\<d 

the Taylor polynomial of order d associated with the function (x) . Clearly, 
Hik{x) is a trace- free symmetric two-tensor on R™. Moreover, we have 
h lk (x) = H ik (x)+0(\x\ d+1 ). 

Let us fix a non-negative smooth function such that = 1 for t < | 
and x(t) = for t > |. Given any 5 > 0, we define a cut-off function 
Xs ■ R n — > R by x<5( x ) = xd^l/^)- By Theorem [MJ there exists a smooth 
vector field 1/ on R™ with the following properties: 

• At each point x G WL, we have 



n 



2n 2 

u £ n - 2 (xs JT« - SjVfc - + - div V 5 ik ) 



n 

k=l 







for all i G {1, . . . , n}. 
• At each point x G <9R™, we have V n {x) = d n Vi(x) = for all i G 
{l,...,n-l}. 

By Corollary 1261 the vector field V satisfies the estimate 

n 

(2) \d^ s \x)\<C Y, E \h ik , a \(e + \x\) la]+1 -W 

2<\a\<di,k=l 

for every multi-index (5 and all x G R" . Here, C is a positive constant that 
depends only on n and 

For abbreviation, we define 

2 

= diV k + d k Vi div V S ik , 

n 

Ti k — H{ k Si k , 
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2 2 

Qik,i = u £ diT ik diU £ T k i d k u £ T a 

n — 2 n — 2 

2 n 2 n 

H y~] dp u e T ip hi H t, y~] d p u £ T kp 5u , 

n — 2 n — 2 ^-^ 

p=i p=i 

and 

w = d l u e V l + ~o — u e div V - 
i=i n 
By definition of V, we have 

(3) ^<9 fe (ur 2 T ifc ) = 

k=l 

for all points x 6 -6,5(0) Pi Wf and all i £ {1, . . . , n}. This implies 

(4) { u c dkT * k + ^ Tik ) = 

for all points x G Sj(0) PI and all z 6 {1, . . . The following result 
was established in [3]: 

Proposition 9 (S. Brendle [1]). There exists a smooth vector field £ on 
1 n 1 n 

j,Z«,Z=l i,fc,Z=l 

n 2(n — 1) n 
-2u e Y] d k u e H ik diH u — y~] d k u £ diu £ H ik H u 

i,k,l=l i,k,l=l 

-2u e w y~] did k H ik H — S~] diu £ d k w H ik 

i,k=l i,k=l 

4(n- 1) , , l2 4(71-1), , o 

- ^ 2 + n (n + 2 ur 2 w 2 

n — 2 n — 2 

I n 2n " 

i,k,l=l i,k=l 

for all points x <E 5^(0) n R+. 

The vector field £ can be expressed in terms of the tensor Hi k and the 
vector field V (cf. [4], Section 2). In the next step, we show that £ is 
tangential along dWi.. To that end, we need the following lemma: 

Lemma 10. At each point x G -B<5(0) H cM+, we /ia«e 

5j„(x) = T in (z) = 

and 

d n S ik {x) = d n T ik (x) = 
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for all i,k G {1, . . . , n — 1}. Moreover, we have d n S nn (x) = d n T nn (x) = 
and d n w(x) = 0. 

Proof. By assumption, we have V n (x) = d n Vi{x) = for all x G dW\. 
This implies Si n {x) = Tj„,(x) = for all i G {1, . . . ,n — 1}. This implies 

y~] (v> e (x) d k T kn (x) + — ^ d k u £ (x) T kn (x^j = 0. 

k=l 

Using dH), we obtain 

2n 

u £ (x) d n T nn (x) H d n u £ (x) T nn (x) = 0. 

n — l 

This implies d n T nn (x) = 0, hence d n S nn {x) = 0. Consequently, we have 
d n d n V{x) = 0. From this, the assertion follows easily. 

Lemma 11. We have £ n (x) = for all points x G Bg(0) n <9R™ . 
Proof. The vector field £ satisfies 



i n = -2^2u £ w d k H nk + 2 ^ di(u £ w) H in 

k=l i=l 
j n n n 

i,k=l i,l=l i,l=l 

n n 
+ U £ W dfcSnfc - <9j(u £ W) S in 
k=l i=l 

n - n n 

i,k=l i,l=l i,l=l 

4(n - 1) <A _ 4(n - 1) _ 

H — > c^it £ to S in — w d n w 

n — 2 n — 2 

i=i 

2 

H o n e / > dfcU £ T ^ 

n — 2 ^— ' 

i,fc=l 

(see [1], Section 2). Using Lemma QUI we conclude that £ n (x) = for all 
x G S 5 (0) ndRi. 
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Proposition 12. We have 



f r i n i n 

/ 7 u e E dlHik dlHik ~ o u2 £ E d kH ik diB.ii 

JB s (o)fWi L 4 i fc J=1 2 ifc/=1 



i,k,l=l 



,-(o)nR^ 



2(n 1) 71 

2u £ V] d k u £ H ik diH u -\ — y~] d k u £ diu £ H ik Hu 

i,k,l=l i,k,l=l 



r r n 

I 2m £ w V did k H ik 

JB s {o)cm.i L iJfe=1 



^ - 1) 
n - 2 



E diU £ d k wH ik 



i,k=l 



B f (o)n»!f. 



4(n -1) , , l9 4(n - 1) , , 9 
7 |(fw| 2 -- -i n(n + 2) u e "- 2 w 2 



n - 2 



> 



2A |/iifc,Q| 2 e n 2 

2<|a|<di,fc=l 



n - 2 



(e+ |x|) 2 l Q l+ 2 - 2n dx 



2<|a|<di,fc=l 

/or 5 > 2e. Here, A and C are positive constants that depend only on n. 

Proof. We consider the identity in Proposition [9] and integrate over 
B 5 (0) nK, By Corollary El we have 



+ i,k,l=l 

>8A E E \hik,a\ 2 s n ~ 2 [ 



(e + |z[) 2|a|+3 - 2n dx, 



2<|o[<di,A:=l 



where A = 1/(8X4) is a positive constant that depends only on n. Moreover, 
it follows from [2] that 

n 

Ux)\<Ce n - 2 £ ^I^Ke + lsl) 2 !^ 

2<|a|<di,fc=l 

for all 3; € Wl_. Using Lemma [IT] and the divergence theorem, we obtain 



div£ 



B s (o)rm 



JOBi(0)nR!j: ~i \ x \ JBs^ndR™ 



<Ce n - 2 E El^l^ 2H+2 - n - 

2<|o|<di,fc=l 

Putting these facts together, the assertion follows. 



Finally, we need the following estimate for the scalar curvature R g . 
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Proposition 13. The scalar curvature R g satisfies the estimates 

n 

(5) " " 



r 9 -J2 d ^ H ik <c Yl E i^mI i^i |Q| + c \ x \ d ^ 

2<\a\<di,k=l 



Lk=l 



and 



Rg — E didkhik + dk(H ik diHi, 



i,k=l 



i,k,l=l 



-y n ^ n 

- ^2 d k H ik diHu + - ^ diH ik diH ik 



i,k,l=l 



i,k,l=l 



(6) 



^ c E E 

2<M<(ii,fc=l 



2 | x |2|a| 



+ C E E l^,a|^| H+d-1 + C| 
2<|a|<di,A:=l 



2,/ 



is sufficiently small. 

Proof. This follows easily from Proposition 25 in [5] (see also Corollary 
12 in [1], where geodesic normal coordinates are considered). 

Our goal is to estimate the Yamabe energy of u £ + w. To that end, we 
proceed in several steps: 

Proposition 14. There exist positive constants A, C , 5o such that 
-4(n - 1) 



< 



n - 2 
4(n - 1 

B 5 (o)nR™ n — 2 



|d(Ug + lo)| fl + Rg (U £ + tL)) 2 



\du e \ 2 + 



1) n(n + 2)nr 5 u; 2 



n - 2 

( e+ | x |)2H+2-2n da; 



+ i,k=l 
u 



It r. 

^ E E l^ife,a| 2 £" 2 / 



2<|a|<di,fc=l 
n 

C ^ £ |/i iM |5l a l +2 -"e"- 2 + C<5 M+4 -"e 

2<|a|<di,fc=l 



n-2 



i/0 < 2e < 5 < 5q. The constant X depends only on n. The constants C, 5q 
depend on the background manifold (M,g). 
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Proof. Let us write 
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+ w )\ 2 g + R 9 ( u e + wf 

4(n-l) l2 4(n- 1) . ^ 

= — tt- du £ 2 + -i n n + 2 u £ "" w 2 

n — 2 n — 2 

n — 2 



where 



J^ 1 ) = ^ 9jU e diW 



J(2) 
J(3) 
J(4) 



i=l 



4(n 1) n ™ 
— V" diu s d k u £ h ik + u\ did k h ik 

i,k=l i,k=l 
n n 

~ u l Yl dk{HikdiHu) -2u £ dkU £ H ik diHu 



^ n 1 ™ 

7 X u 2 diHik diH ik + - ^2 u 2 e dkHikdiHu 



n 2(n - 1) n 

+ 2u £ y~) d k u £ H ik diHu H — V" d k u £ d t u £ H ik H u 

— ' n — 2 

i,k,l=l 

^ OiU £ d k w H ik 



i,k,l=l 
n 



+ 2 u £ w ^2 9idkHik 



:,k=i 



n-2 



i,k=l 



4(n - 1) , , ,o 4(n- 1) , . , 
+ — ^ |dw| 2 - — n(n + 2) u> 2 



n-2 

J (5) = E [ 5 ifc - S ik + h lk -\jZ Hu H kl 

n — 2 ^-^ > z ^ 



n-2 



i,k=l 



1=1 



diu £ d k u £ 



+ 



Rg — X didkhik + ^ dk(HikdiHu) 



i,k=l 



i,k,l=l 



^ n ^ n 



i,fc,/=l 



i,fc,i=l 
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j(6) = 8^_L) {glk _ ^ + ^ Q ^ d ^ 



+ 2 



i,k=l 
n 



R g - ^2 d id k H,, 



■ih 



i,k=l 

j(7) = ^ w 2 + 4(n^l) £ _ ^ ^ ^ 



i,fc=l 



It follows from the divergence theorem that 



f J {1) = [ J2d t \d z u £ w + 

JB 4 (o)nR" JB x (o)nWi „■_, L 



( n _ 2) 2 ^ 



Bf(0)nR" 



i=i 



„ n 



\2 2n 



2<|a|<rf«,fc=l 



We next observe that 

n 

j(2) _ ^ di{u 2 £ d k h ik -2u £ d k u £ h ik ) 
i,k=l 



n-2 



n 



i,k=l 



= 2 -( 

n \ 



u F Au F - 



n 



\du £ \ 2 ) 



n-2 

<Ce n - 2 {e + \x\) 2d+A ~ 2n . 
Using the divergence theorem, we obtain 



tr/i 



j(2) 



B 5 (0)nR^ 
n 

< %(ue d kh ik - 2 u £ d k u £ hi k ) + C S 2d+4 ~ n e n - 1 



,k=\ 



„ n 

^ Y, FT ^ ~ 2 u £ d k u £ h ik ) + C 5 2d+4 - n 

JdB s (p)ani itk=1 M 
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Moreover, we have 

f J (3) = - I V dkiulHikdtfu) 

JB 5 (o)cmi JBs(o)nwi i k l=1 

„ n 

= - j Y] 77 Us H ik diH it 

JdBx^aM.™ , rr n \ x \ 



+ i,kl=l 



2<|o|<di,fc=l 

Using Proposition 1121 we obtain 

[ J( 4 ) 
JB s (o)rm%. 

n ,, 

<-2A V V, \h ik>a \ 2 e«~ 2 (e + |x|) 2 H +2 - 2 "dx 

2<H<<H,fc=l ^(0)nR ? 
n 

+ c E E i^i 2 ^ 2H+2 ~ n ^ 2 - 

2<|a|<di,fc=l 

It remains to estimate the terms , J*- 6 ) , and . Using Proposition 
we obtain the pointwise estimate 

n 

J(5) + J(6) + j(7) < C ^ ^ |^ )a |2 £ n-2 (g + | x | )2 |a|+4-2n 

2<|a|<d l,fe=l 
n 

+ c E E i^i^ 2 (^ + ki) H+d+3 ^ 2n 

2<|a|<di,fc=l 
+ Ce «-2 ( £ + | x |)2d+4-2n 

for x £ Bg(0) n M™ . Using Young's inequality, we deduce that 

J(5) + J(6) + J(7) < A ^ £ |^2 £ n-2 (£+ W) 2|a|+2-2n 
2<|a|<d i,fc=l 

+ Ce"- 2 (e + \x\) 2d+4 ~ 2n 
for x e .65(0) n R + . Integration over ^(0) n M + yields 
{ j^ + j^) + j(r) ) 

<A V V \h ik:a \ 2 e n - 2 / (e + |x|) 2 H+ 2 - 2 "dx 



2<|a|<di,fc=l 
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Putting these facts together, the assertion follows. 



Proposition 15. If 5q is sufficiently small, then we have 

2 Tl + 2 2 \ n-2 

u £ + w 

n — 2 

2n 

< (U £ + Vj) "- 2 



2<H<di,fc=l 
n 

+ c E E i^,«i 5N " nen 

2<|a|<d i,fe=l 

/or a// < 2e < 5 < 5 . 

Proof. The proof is analogous to the proof of Proposition 14 in We 
omit the details. 



Proposition 16. If So is sufficiently small, then we have 

f 4(n-l),, , 9 f 4(71-1), . — ~~~o 



n-2 
2n \ n 



<Y(Sl,dSl)[ / {u £ + w)—z 

V JBi(0)nK!f: 

/" 4(n - 1) -A X* 

JdB 6 {<S)rm.\ n-2 f^\x\ 

n „ 

+c e E iwi 2 ^ / (£+m) 2 h+ 2 ^* 



2<|a|<cii,fc=l 
n 

+ c E E i^i^ H " n e n 

2<|a|<cii,fc=l 

/or a// < 2e < 5 < 5 . 

Proof. The proof is similar to the proof of Proposition 15 in [4]. We first 
observe that 



2 

2n 
n-2 



4n(n-l) / «r 2 = Y{Sl,dSl). 
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Using Holder's inequality, we obtain 

4(n-l) 2 f 4(n-l)^ Xi 

— \du £ \ — I — y —diU £ u £ 

(o)nR™ n-2 JdB s (o) n-2 f-j' \x\ 



+ / -^n(n + 2)u £ n ~ 2 w 2 



B s (n^nM n n — 2 



4 



4(n-l) A f 4(n-l) , . — p o 



B 4 (0)nR^ n-2 J_B a (o)niR™ "-2 

,^=2 / ,2 i n + ^ 2 



4ra(ra - 1) Ue ( u e H u; 



(o)nffi 

n aoti\ [ / /J i " Ti ...2^"- S 



n — 2 

n + 2 



<Y(Sl,dSl)( / K + ^^ 

V JB«(o)nR!f v n - l 

Hence, the assertion follows from Proposition 1151 



4. Proof of the main result 

In this section, we construct a smooth function Vr e g\ : M — > R with 
Yamabe energy less than Y(S T t,dS T t). The existence of such a function 
is trivial when Y(M, dM, g) < 0. Hence, it suffices to consider the case 
Y(M,dM,g) > 0. As in the previous section, we fix a boundary point 
p € dM. Moreover, we denote by G : M \ {p} — * R the Greens function for 
the conformal Laplacian with Neumann boundary condition with pole at p. 
In other words, G satisfies 

^—^-A g G-R g G = 
n — 2 

in M\{p} and d u G = along dM\{p}. We assume that G p (x) is normalized 
so that lun^o |^| n_2 G(x) = 1. With this normalization, we have 

n 

(7) \G(x) - \x\ 2 - n \ <C M H+2 ~™ + c \x\ d+3 ~ n . 

2<\a\<di,k=l 

Moreover, we consider the flux integral 



l{p, 8) 



I 4(n 1} V (\x\ 2 ~ n d t G - Gd t \x\ 2 - n ) 

JdB s (o)nm. r ! r n-2 \x\ 

n 

| x |i-2n ^ Xi (\x\ 2 d k h ik - 2nx k h ik ) 



dB 6 {o)rm, 



i,k=l 



where 5 > is sufficiently small. 

We next define a function vr £j $) '■ M — ► R by 



n — 2 



(8) U( e ,5) =xs{ue + w) + {l-xs)e 2 G, 
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where xs is the cut-off function defined above. Our main result is an upper 
bound for the Yamabe energy of vr e g\: 

Proposition 17. If So is sufficiently small, then we have 

-4(n - 1) 



M 



n-2 



\ dv (js,S)\g + Rg%,S)) dvolg 



< Y(Sl,dS* 
A 



M 



2n 

(e,S) ' 



.n-2 



l(p,S) 



2<\a\<di,k=l 
n 

+ C Yl Yj \hik, a \$ H+2 ~ n £ n ~ 2 + C6 2d+4 - n s n - 2 + C5- n e n 

2<\a\<di,k=l 

for all < 2e < 5 < 5 . 

Proof. For abbreviation, we denote by £lg the set of all points in M such 
that xf + • • • + %n < S 2 , where (xi, . . . ,x n ) denote the Fermi coordinates 
around p. (In other words, 0,5 is a coordinate ball, not a geodesic ball.) 
Using the divergence theorem, we obtain 



M\n s 



4(n - 1) . , ,o „ 2 

dv (e,6)\g + Rg%,S) 



n-2 
/4(n - 1) 
M\n s ^ 



cZvoL 



n-2 
4(n - 1) 
,-,<>, n-2 



A 9 V (£,<5) - #9 u (e,<5) ) { v (e,8) ~ ^ 2 G) dvo\ g 



9v v {e,8) v (s,8) dag 



4(n - 1) n-2 

tt £ 2 i v (e,5)9uG - Gd u v {£jS) )da g , 

dQ s n ~ 1 

where v denotes the outward-pointing unit normal to d£ls. Note that 

n — 2 , n — 2 -. 

U( E)<5 ) - e 2 G = x<5 {u e + u> - e 2 G) 

n — 2 

in M\ Oj. In particular, we have vr £j g\ — G = in M \ VL28- Using (jTj) , 
we obtain 



I I 9 

sup p( e>< 5) — e 2 G +0 sup 



4(n - 1) 



n-2 



A a v 



gV[e,5) ~ Rg V(e,6) 



<C £ £ \h ik , a \^ +2 ~ n ^ + C5 d+ ^ n e^+C5- n e^, 

2<|a|<di,fc=l 
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hence 



f /4(n — 1) \ , n=2 v 

/ ( ~ o A 9 U M) " ) i v (s,s) - £ 2 G) dvol g 



n+2 



<C J] |^ fcia | 2 <5 2 H +2 - n e n - 2 + C5 2 * f4 - n e n - 2 + Cr n - 2 e 

2<|a|<<ij,fc=l 

We next observe that 



- / 9^ 

/" n x f n X 

i9B 4 (0)n]R™ ^ Fl JdB s {0)nRl ~[ Fl 



+ c y, Y.\ h ^\ 2 52H+2 ~ n£n ~ 2 + C52d+A ~ n£n ~ 2 i 

2<\a\<di,k=l 



hence 



dvV( £ ,6) v (e,5) d<J g 
dn s 



I' n x- I' n x- 

< - / E FT diUe U e+ I yZ FT u e 9kU £ Kk 

JdB s (si)rwi i=1 Fl JdB s {o)nR™ - =1 Fl 

n 

2<|a|<d i,fc=l 



Moreover, we have 



- / {v{s,5)dvG -Gd v v^ 5) )da g 

,. n 

<-/ V^(n £ a,G-Ga, 

JdB s {o)rx.i ~[\ x \ 



2<\a\<d 
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Putting these facts together, we obtain 



f ? Iff + R 9 V l,8)) dvol 9 

JM\n s v n — 1 ' 

f 4(n-l) Ax,- f 4(n-l) Aii 

< - / 7T- > v 1 — I OiU £ u £ + — } — u £ d k u e h ik 

JdQs n-2 f^\x\ JdB s (o)nm*t n-2 f-£\x\ 

f 4(n - 1) n=2 xj 

79B a (o)nK» n-2 ^ |x| 

n 

+ c E E I^mI^^ 2 "" e n " 2 + c * 2d+4 " n e"" 2 + c r"- 2 £ n+2 . 

2<\a\<di,k=l 



On the other hand, it follows from Proposition Q3] and Proposition [16] that 



'^-^l\dv^ 5) \ 2 g + R g vl 5) 



n — 2 

2n 



dvolg 



<Y(Sl,dSl)( I v7-*dvo\ g ) " +/ l^L-l)^^^^ 
1 'n 5 (e,ij J JdB s (o)nR" n-2 \x\ 



i=l 



+ / 52 7-T («e ^fe^ifc -2k £ d k u £ h ik ) 

JdB s (o)nR<i Fl 

E E i^mI 2 ^- 2 / ( e +ixD 2 H +2 - 2 "<ix 

2 2<M<di,fc=l Vs,(0)nR ? 
n 

+ C E E l^,a|<5 |Q|+2- "e n-2 + G(5 2<i+4 - ri £ n - 2 . 

2<|a|<di,fc=l 
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If we add the last two inequalities, we obtain 
J ( 4 ^_ ^ \ dv (s,8)\ 2 g + Rg 4,<5)) dvol 9 



<Y(S'1.0S'1)[ / fl v^dvolg 



n-2 

2n 



P ^ . / 2Tt 

/ /] 7-7 \Ug d^hik H u £ <9 fc u £ /i ifc 

J9B 4 (0)nR^ ^ Fl v n-2 > 

f 4(n-l) n^2^Xi 

/ — 2 > r -r(u £ d i G-Gd i u s ) 

JdB s (0)nRl n-2 ~i \ x \ 

n „ 



2<|a|<di,fe=l 



+ C S £ |^, a |<5l a l +2 - n e n - 2 + C'J 2 * f4 - n e n - 2 + C<5- n - 2 e n+2 . 

2<|a|<cH,fc=l 

From this, the assertion follows easily. 



Theorem 18. Assume that p ^ Z. Then Y(M,dM,g) < Y(Sl,dSl). 

Proof. Since p Z, we have Y,2<\a\<d YJl,k=i \hik,a? > °- Using Propo- 
sition [T71 we obtain 

j M ( 4( ^_ 2 1) i du M)G + ^ij dvol 9 

n-2 

<Y(Sl,dSl)(^J M V^ ) dyol g j " 
if e > is sufficiently small. From this, the assertion follows. 

In the remainder of this section, we study the case p £ Z. In this case, 

4 

we consider the manifold (M \ {p}, G n ~ 2 g). This manifold is scalar flat and 
its boundary is totally geodesic. After doubling this manifold, we obtain an 
asymptotically flat manifold with zero scalar curvature. 

Proposition 19. Assume that p 6 Z. Then the following statements hold: 

(i) The limit lim^o X (p, 5) exists. 

4 

(ii) The doubling of (M\{p}, G n ~ 2 g) has a well-defined mass which equals 
lim,5^o t(p, 5) up to a positive factor. 

_ 4 

Proof. For abbreviation, let g = G n ~ 2 g. We consider the inverted 
coordinates y = where (x%, . . . ,x n ) are conformal Fermi coordinates 



22 SIMON BRENDLE AND SZU-YU SOPHIE CHEN 

around p. In these coordinates, the metric g is given by 



9 {^y j , dyi) [ 1 + ®i\y\ 2 



4 
n-2 



\y\ 4 ^2 (\y\ 2 s ij - 2 ViVj) (\v\ 2 s m - ^VkVi) 9ik{-^ 



where = \x\ n 2 G(x) — 1. Using the relations gik(x) = 5ik + hn.(x) + 
Q{\x\ 2d+2 ) and = 0(|z[ d+1 ), we obtain 



_/ 9 3 \ 
dyi) 



4 / v 
1 + -*( 



n-2 V|y|2 



+ \y\ 4 d y l 2 ^ ~ 2yiy ^ d y l 2 ^ ~ 2 Vkyi) h ik (j^2 



+ 0(!y|- M - 2 ). 



In particular, we have g(-^p, ^) = 5ji + 0(\y\ d 1 ). Hence, the doubling 
of (M \ {p},g) is asymptotically flat in the sense of Bartnik [2], and has a 
well-defined ADM mass. 

Since tr/t = 0(\x\ 2d+2 ), it follows that 



4n ^ yj 



x ^ d _( d d 

l^Vi dyj 9 \dyi'dyiJ n-2 f^\y\ 



Moreover, we have 



d _/ d d 

4^ % dy^Kdyj 1 dyi 
.7,2=1 



YAMABE PROBLEM ON MANIFOLDS WITH BOUNDARY 23 

where di$(x) = Putting these facts together, we obtain 

Tl r\ r\ r\ ft r\ r\ r\ 

x - a _f a a \ y—\ a _/ a o \ 

^ 3 dyi 9 V dyj ' dyi ) ^ V ° dyj 9 \dyi' dyi ) 

- 4(n_1) EA(^)(^ 



n — 2 ^— ' 1 2/ 1 V 1 2/ 1 



" E u72 (02) + 2n S T^T ^ (up 

i,k=l |y| |y| i,jfc=l |y| |y| 

+ 0(|y|- 2d - 2 ). 

This implies 

/ V" Hi — -(— — \ - [ y Vj 9 -( 9 d 

JdBUo^WL fr!, \v\ dyi \dyj' dyi) J gBl (0 ) n R« fr?. \y\ % \dyi' dy t 



fr?Ay\ d Vi ^dy^ dy t J J dB 1 (0 )nR« fr?Av\ %' 
= / \x\*- 2n Y. Xi dMx) 

„ n „ n 

- / |x| 3 ~ 2n V x t {d k h tk ){x) + I 2n\x\ l - 2n V Xi x k h tk {x) 

JdB s (0)nRi . fc=1 J9B,(0)nRJ . fe=1 

+ 0(<5 M+4 - n ) 

= T(p,5) + 0(5 2d+n - 4 ). 

As 5 — > 0, the left hand side converges to a positive multiple of the ADM 
mass. From this the assertion follows. 



Theorem 20. Assume that p G Z. If \ims^o2(p, 5) is positive, then 
Y(M,dM,g) <Y(Sl,dSl). 

Proof. Since p G Z, we have ^2 2 <\ a \<d YJi,k=i \ h ik,a\ 2 = °- % Proposi- 
tion [T71 we can find positive real numbers 5q and C such that 

/" /4(n — 1) 2 2 \ 

J \ n-2 ' M) ' 9 + 3 / 9 

<Y(Sl,dS$)n v^dvolg) " -e n - 2 l(p,5) 

+ c8 2d+A-n £ n-2 + c5 -n £ n 

whenever < 2e < 5 < 5q. Since lim$^Q l(p, 5) is positive, we can find a 
real number S G (0, 5o] such that T(p, 5) > C S 2d+4 ~ n . In the next step, we 
choose e G (0, f] small enough so that I(p,S) > C S 2d+A ~ n + C5~ n e 2 . For 
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this choice of e and 5, we have 



j M (^h? ldV(e ^ + Mm>) dvo1 



2n 
, n-2 



9 

n-2 



<Y(Sl,dSl)^J M V-]dvol g 
This completes the proof. 

Appendix A. An elliptic system on RIJ: 

In this section, we describe the construction of the vector field V. In the 
following, we consider the hemisphere 5™, equipped with the round metric of 
constant sectional curvature 4. We denote by X the space of all vector fields 
V on SJt such that V is of class H 1 and (V, v) = along dS 7 }. Moreover, 
we denote by 3^ the space of all trace-free symmetric two-tensors on 5" of 
class 1? . We next define a linear operator T> : X — > 3^ by 

VV = £vg = J? v g-^(dw g V)g. 
In other words, V is the conformal Killing operator. 
Lemma 21. We have 

II W||| 2(s?) < || VV\\ 2 L2(SV + 4(n - 1) ||F||| 2(S¥) 
for all V eX. 

Proof. Without loss of generality, we may assume that V is smooth. By 
definition of V, we have 



ll^lllw) = / W t V k V% + ViV k V k V l - - (dw g V) 
+ Jsi 1 n 

Integration by parts yields 



dvo\ g . 



JS2 JS" 



V i V k V k V i dvol g = - I V k V i V k V t dvol„ 



is: : 

Putting these facts together, we obtain 



= - / V k V fc Vi^ dvol g - [ Rici fc V 1 V k dvol 9 
Jsi Jsi 

= [ (divgV) 2 dvolg -4(n-l) [ \V\ 2 dvo\ g . 



\\W\\% {sn) + 4(n - 1) \\V\\ 2 L2{sn) = || VV\\ 2 LHSn) + ^Ji ||div 9 Vf L2{sn 



From this, the assertion follows. 
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It follows from Lemma [21] and Rellich's theorem that ker£> is finite- 
dimensional. We now consider the subspace 

X = {V eX : (V, W) L 2 (S n) = for all W G ker V}. 



Lemma 22. We have 



ll^lli 2 ^™) + W^ v \\h(si) - K W vv \\\ ,2 (si) 
for all V G Xq. Here, K is a positive constant that depends only on n. 

Proof. Suppose that the assertion is false. Then we can find a sequence 
of vector fields V^ v ' G Xq such that 

(9) ll^ (l/) ll! 2 (s ? ) + liv^ ) ll! 2( 5 ?) = i 

for all v and ||PVM ||x,2(5") — > as v — > oo. After passing to a subse- 
quence, we may assume that the sequence V^ u ' converges weakly to a vector 
field W G Xq. Then VW = 0. Since W G Xq, we conclude that W = 0. 
This implies HV^'Ux^gn) — > as v — > oo. Using Lemma 121^ we obtain 

||VV^ ||l 2 (s™) — > as v ~^ 00 • This contradicts ([9]). 



Proposition 23. Given any h G y, there exists a unique vector field V G Xq 
such that {h—VV, VW)^^) = f or a ^ W £ X. The vector field V satisfies 
the estimate 

( 10 ) ll^lli^s™) + \\W\\h(si) ~ K l^lli 2 (S+)' 

Proof. It follows from Lemma [22] that the operator T> : Xq — > y has 
closed range. Hence, we can find a vector field V G Xq such that \\h — 
'DV\\'^2, S n\ is minimal. This vector field satisfies (h — T>V,T>W) l 2 (S"^) = 
for all W G Xq. This proves the existence statement. 

We next assume that V G Xq is a vector field satisfying (h—T>V, T>W)L2(s n ) 



for all W G Xq. This implies (h - VV, VV) = 0, hence ||W[|2a (gn j < 
|| h\\^2 ( S ny Thus, we conclude that 

H^lli 2 ^) + II W lli 2 (S™) - K W VV W 2 L 2 {Sl) - ^ IHIz, 2 ^™) 

by Lemma l22l In particular, if h = 0, then V = 0. From this, the uniqueness 
statement follows. 

In the next step, we consider the stereographic projection from S 1 " to 

4 

MIL U {oo}. The metric g can be written in the form g^ = u n ~ 2 5ik, where 
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Theorem 24. Let h be a trace-free symmetric two-tensor on Wl_. We as- 
sume that h is smooth and has compact support. Then there exists a smooth 
vector field V on R™ with the following properties: 

• At each point x G WL, we have 



n _ 

d k |u«-2 [hik - diV k - d k Vi + - div V 8 ik ) 







k=l 



for all i G {1, . . . , n} . 
• At each point x G <9R™ ; we have V n (x) = d n Vi(x) — hi n (x) = for 
all i G {1, . . . ,n — 1}. 

Moreover, the vector field V satisfies 

f 2(n+2) f 2n „ 

(11) / u(x)~^ \V{x)\ 2 dx < K u(x)^ \h{x)\ 2 dx. 

Proof. By Proposition [231 there exists a smooth vector field V G Xq such 
that 

/ (u^ h - VV, VW) g dvolg = 
for all vector fields W G X. This implies 

(12) / V (h ik - diV k -d k Vi + - div V Sik) d k Wi dx = 

• /JK + i,k=l 

for all W £ X. Since U G AT , we have V n (x) = for x G dW^. 

By assumption, h is smooth. Using general regularity results for elliptic 
systems (cf. [10], [H]), we conclude that V is smooth. Using (fl~2|) . we obtain 



5 fc |u"- 2 (/ijfc - 5jVfc - d k Vi + - div U 5 ik j 

k=l " 







for all points x G R™ and all i G {l,...,n}. Moreover, at each point 
x G <9R™ , we have d n Vi(x) — hi n (x) = for i G {1, . . . , n — 1}. Finally, the 
estimate (jlip follows immediately from (llOp . 



Proposition 25. Firr a real number a such that 1 < a < n — 2. Let h be 

a trace-free symmetric two-tensor on Wl which is smooth and has compact 



support. Moreover, let V be the vector field constructed in Theorem \2j 
Finally, let us assume that 

supr- 2a - n - 2 f \V(x)\ 2 dx < oo. 

r>l J(B 2 r(0)\Br(0))nR™ 
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Then there exists a constant C, depending only on n and a, such that 

-2a-n-2 



sup r 

r>l J (B 2 r{0)\B r {0))fW\ 



[ \V{x)\ 2 dx 

J(B2r(0)\B r (0))nM™ 

(13) <C f {l + \x\ 2 )- n - 2 \V(x)\ 2 dx 

+ Csupr~ 2a - n [ \h(x)\ 2 dx. 
r>l J(B 2r (0)\B r (0))r\R™ 

Proof. We extend V and h to M. n by reflection. More precisely, we define 
a vector field V on W 1 by 

Vi (xi , . . . , X n —\ , X n ) — Vi (a7l , • • • , X n —i , X n ) — ^lO^l j ■ ■ ■ j 1 > X n ) 
Vn (xi , . . . , X n — 1 , Xn) = V<n\X\ , . . . , X n — 1 , X n ) = \X\ , . . . , X n _ 1 , X n ) 

for all x € and all i G {1, . . . , n — 1}. Similarly, we define a trace- free 
symmetric two-tensor h on IR n by 

hik (•£].! • • • j 1 > -^n.) — ^-jfc (^1 > • • • > ^n— 1 j — h>ik \X\i • • • j %n— 1 j 

^ira O^l) • • • j 1 1 — ^inO^l j • • • j 1 j ^n) — ^in j • • • j %n— 1 > ^n) 
^-nfc (xi , . . . , X m — 1 , X ra ) = /^nfc (xi , . . . , X n — 1 , X n ) = ^nfc (xi , . . . , X n — 1 , X n ) 
hnn(%l > • • • j 1 ; ^n) — ^nn (^l j • • • > ^n~l ; ^n) — ^nn (^"1) • • • ; -''n— 1> ^n) 

for all x G R!J. and all i, k G {1, . . . , n - 1}. 

Since V G we have V^(x) = for all x G cM™. Consequently, the 
vector field V is a vector field on 5™ of class H 1 . We claim that 

(14) / u— Y (h ik - 8iV k -d k Vi + - div V 5 ik ) d k Wi dx = 

for all vector fields W on S n of class H . In order to prove ()14|) . we fix a 
vector field W" of class H 1 . We then define a vector field W on S'" by 

Wj(xi, . . . ,x„_i,x n ) = Wj(xi, . . . ,x n -i,x n ) + Wj(xi, . . . ,x n _i, -x n ) 
W n (x 1 , . . . ,x n _i,x n ) = W n {xi, . . . ,x n _i,x n ) - W n {xi, . . . ,x„_i, -x n ) 

for all x G and all i G {1, . . . ,n — 1}. Clearly, W £ X. Therefore, we 
have 

[ (h ik - 8iV k - d k Vi + - div V Stk) d k Wi dx = 

JM + i,k=i 

by definition of V. From this, the identity (|14h follows easily. 
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We now complete the proof of Proposition [25j Using Proposition 23 in 
[4], we obtain 



supr~ 2CT - n ' 2 I \V(x)\ 2 dx 

r>l J B 2r {0)\B r (0) 

<c f (i + |x| 2 )- n - 2 |y(x)| 2 (ix 

Jwt 



+ Csupr- 2a - n [ \h(x)\ 2 dx. 
r>l J B 2r (0)\B r (0) 

Here, C is a positive constant that depends only on a and n. (In [4j, this 
result was stated in the special case that V and h are smooth, but the proof 
only requires that h belongs to L 2 and V is of class H l .) From this the 
assertion follows. 



Corollary 26. Consider a trace-free symmetric two-tensor of the form 



hik(x) =x{\x\/p) ^ h ik 



a ^ ; 
2<|a|<d 



where d = [^rp], p > 1, and x ■ ^ — > M. is a fixed cutoff function satisfying 
x(t) = for t > 2. Let V be the vector field constructed in Theorem \24\ 
Then, for every multi-index (5, we have 



(15) |^V(x)| 2 <C IV«I 2 (1 + 



x 



2\\a\+l-\P\ 



2<|a|<d 



for all x £ . Here, C is positive constant which depends on n and \/3\, 
but not on p. 

Proof. Without loss of generality, we may assume that 
hk(x) = X{\x\/p) Y h ik, a x a , 

\a\=d' 

where 2 < d' < d. Since d' < ^, we have 



/ (i + |x| 2 r n \h(x)\ 2 dx < c v \h 



2 

ik,a I 



\a\=d' 

for some uniform constant C. Using (jlip . we obtain 

I (l + \x\ 2 )- n - 2 \V(x)\ 2 dx<C Y \ h ik,«\ 2 - 
Jr + \a\=d' 

We now apply Proposition [25] with a = d' . This yields 



gupr - 2( i'-n-2 / \ V (x)\ 2 dx < C V \h lKa \ 2 . 

r>l J{r<\x\<2r} |a|=d , 
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Using elliptic estimates, we conclude that 

l^)f<c^ |/^! 2 (i + Mr +1H/31 

\a\=d' 

for every multi-index f3. 
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